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V1. On the Equation of Differences for an Equation of any Order, and in particular for
the Equations of the Orders Two, Three, Four, and Five. By ARTHUR CAYLEY,
Esq., F.R.S.
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TuE term, equation of differences, denotes the equation for the squared differences of the
roots of a given equation; the equation of differences afforded a means of determining
the number of real roots, and also limits for the real roots, of a given numerical equa-
tion, and was upon this account long ago sought for by geometers. In the Philosophical
Transactions for 1763, WaRrING gives, but without demonstration or indication of the
mode of obtaining it, the equation of differences for an equation of the fifth order want-
ing the second term: the result was probably obtained by the method of symmetric
functions. This method is employed in the ¢Meditationes Algebraice’ (1782), where
the equation of differences is given for the equations of the third and fourth orders
wanting the second terms; and in p. 85 the before-mentioned result for the equation of
the fifth order wanting the second term, is reproduced. The formule for obtaining by
this method the equation of differences, are fully developed by LaerANGE in the ¢ Traité
des Equations Numériques’ (1808); and he finds by means of them the equation of
differences for the equations of the orders two and three, and for the equation of the
fourth order wanting the second term; and in Note III. he gives, after WaRING, the
result for the equation of the fifth order wanting the second term. It occurred to me
that the equation of differences could be most easily calculated by the following method.
The coefficients of the equation of differences, gqua functions of the differences of the
roots of the given equation, are leading coefficients of covariants, or (to use a shorter
expression) they are ¢ Seminvariants*,” that is, each of them is a function of the coeffi-
cients which is reduced to zero by one of the two operators which reduce an invariant to
zero. In virtue of this property they can be calculated, when their values are known
for the particular case in which one of the coefficients of the given equation is zero. To
fix the ideas, let the given equation be (¥}wv, 1)’=0; then, when the last coefficient or
constant term vanishes, the equation breaks up into »=0 and into an equation of the
degree (n—1), which I call the reduced equation ; the equation of differences will break
up into two equations, one of which is the equation of differences for the reduced equa-
tion, the other is the equation for the squares of the roots of the same reduced equation.
This hardly requires a proof; let the roots of the given equation be «, 3, y, 9, &c., those
of the equation of differences are (x—@)%, (¢—7), (x—0)%, &c., (B—%), (B—0), (y=2)%,
&c.; but in putting the constant term equal to zero, we in effect put one of the roots, say «,
* The term “ Seminvariant” seems to me preferable to M. Brrosonr’s term “ Peninvariant.”
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94 MR. A. CAYLEY ON THE EQUATION OF DIFFERENCES

equal to zero; the roots of the equation of differences thus become 32, o, ¥, &c., (B—7)?,
(B—3), (y—9)% &c. The equation for the squares of the roots can be found without
the slightest difficulty; hence if the equation of differences for the reduced equation of
the order (n—1) is known, we can, by combining it with the equation for the squares of
the roots, form the equation of differences for the given equation with the constant term
put equal to zero, and thence by the above-mentioned property of the Seminvariancy of
the coefficients, find the equation of differences for the given equation. The present
memoir shows the application of the process to equations of the orders two, three, four,
and five: part of the calculation for the equation of the fifth order was kindly performed
for me by the Rev. R. HarLuy. It is to be noticed that the best course is to apply the
method in the first instance to the forms (a, &, .."{v, 1)"=0, without numerical coeffi-
cients (or, as they may be termed, the denumerate forms), and to pass from the results
so obtained to those which belong to the forms (a, 8, ..X(v, 1)"=0, or standard forms.
The equation of differences, for (x—@3)% &c., the coefficients of which are seminvariants,
naturally leads to the consideration of a more general equation having for its roots
(e—P)* (x—qy)* (x—20y)?, &c., the coefficients of which are covariants; and in fact,
when, as for equations of the orders two, three, and four, all the covariants are known,
such covariant equation can be at once formed from the equation of differences; for
equations of the fifth order, however, where the covariants are not calculated beyond a
certain degree, only a few of the coefficients of the covariant equation can be thus at
once formed. At the conclusion of the memoir, I show how the equation of differences
for an equation of the order » can be obtained by the elimination of a single quantity
from two equations each of the order n—1; and by applying to these two equations the
simplification which I have made in Brzour’s abridged method of elimination, I exhibit
the equation of differences for the given equation of the order #, in a compendious form
by means of a determinant; the first-mentioned method is, however, that which is
best adapted for the actual development of the equation of differences for the equation
of a given order.

The equations successively considered are
(2, b, ¢ Nw, 1)°=0,
(2, b, ¢, d (v, 1)*=0,
(@, b,¢,d, e v, 1)*=0,
(@, b, ¢, d, e, f v, 1=0.
The equation of differences for the quadric, and that for the squares of the roots, are
considered to be known, and the other results are derived from them: it will be con-

venient to write down in the first instance the results for the quadric, the cubie, and the
quartic equations, and then explain the process of obtaining them.



FOR AN EQUATION OF ANY ORDER.

For the quadric equation,

Equation of differences is, 0=

a®x
A A
N
41 +4 ac
—1 42

1%, 1).

Equation for the squares of the roots is, 0=

a® x
( A N\ & )
2
( +1 i? ac +1¢ Y0, 1)
For the cubic equation,
Equation of differences is, 0=
a*x a* X
i A W A A O A R
+1 +6 ac +9 a*c¢ 427 o?d?
—2 8 —~6 ab’e —18 abed 3
( +1 & + 4 ac® X, 1)
+ 4 6d
— 1 ¢
Equation for the squares of the roots is, 0=
a’ x
s A A Al A A Al
( +1 +2 ac +1 ¢ +1 42 4, 1.
-1 8 —2 bd

02
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For the quartic equation,

Equation of differences is, 0=

MR. A. CAYLEY ON THE EQUATION OF DIFFERENCES

a® X ’ a* x a* X R
e *&—ﬂ A AL Al
+1 +8 ac + 8 d’e V+16 a‘ce W(—-112 ate? y—192 adce® | +256 a’e®
—3 8 — 2 &*bd |+26 a*d® | + 56 a’bde | +216 o*d% | —192 ofbde’
+22 a’c® |— 6 8% | + 24 adc’e | + 72 &P | —128 e’
—16 ab’ |—30 aPbed | + 48 aded? | —120 a’bede| +144 dPed’e
+ 3 8 |+28 & | — 32 a’bce| — 54 a’bd® | — 27 oPd*
+ 8 a*’d | — 25 &*0%d?| 4+ 32 dicPe | +144 alice’
( —24 a*0%c® | — 54 abid| + 18 ac%d?| — 6 abid’e Ig T)ﬁ
+ 8 able | + 17 a%* + 18 ab’de | — 80 abcide|~"’ )
— 1 48 4+ 6 abte | — 6 abc’e | + 18 abed?®
+ 38 abPed | + 42 abled?| + 16 ac'e
— 12 @b’ | — 26 abc’d | — 4 ac’d?
— 6 %d + 4 ac® — 27 b’
+ 2 bt — 9 b'a? + 18 H3cde
+ 6 bSc‘.’d — 4 b3d5
— 1 — 4 b
+ 1 8%%d?
Equation for squares of the roots is,
a’ X , | { ,
ac ae ce é
( 16 ~2 4d ' ARE I o, 1)
: +1 ¢ |

The multiplication of the equation of differences and the equation for the squares of
the roots of the quadric equation, gives the equation, 0=

a*x a* X
e A e A Vil % N A Al .
+1 +6 ac +9 & +4 ac® 0. 1)
( —2 ? —6 abe —1 57 ?E ’ )’
+1 &

where all the coefficients except the last are reduced to zero by the operator
3a0,4269,4¢c0,,

and they are consequently (without any alteration) coefficients of the equation of differ-
ences of the cubic equation: the last coefficient is not reduced to zero by the operator,
and requires therefore to be completed by the adjunction of the terms in d (the series,
here and in every other case, is of course a finite one, the number of terms might easily be
calculated & priori). Let the value be L,+41,d+L,d*+ &c., we have L,= +4ac*—14°¢;
and putting for shortness V'=2384d,-}289,, the operator which reduces this to zero is
V'+¢9,; we ought therefore to have

0= V'L+ d
+ L,

V'L,4 d*
2¢L,

VLt ..
30113




FOR AN EQUATION OF ANY ORDER. 97

and consequently

1 1 1
L1= —_— —C—V’Lm L2= —%V’Ll, L3= -3 V’L2, &C.,
giving

T,=— +{(—6-+24=)18abc*— 40} = — 18abo- 45",

L= — 5-{ —5dao+(36 — 36 =)0 al*} = +27a?,
L,=0, &c.,

and consequently for the last coefficient the value above written down; it will be pre-
sently seen how in more complicated cases the calculations should be arranged.

Again, multiplying together the equation of differences and the equation for the
squares of the roots of the cubic equation, we obtain an equation which it is not neces-
sary to write down, as it can be at once formed by putting ¢=0 in the equation of
differences for the quartic equation. And from the equation so obtained, by the
adjunction of the terms in ¢, we find the equation of differences for the quartic equa-
tion, viz. each coefficient is of the form L,+IL,e+1L,*+ &c., where L, is known, and
such coefficient is reduced to zero by the operator

409, 360,420 ,4dD,;

or putting for shortness V'=4a9,-+309,+2¢9,, the operator V'4dd,. We have there-
fore

1 1 1
L1= —'TJVILM I_¢2= —'QEV,IJI, L3= ——@V/Lz, &e.

It is to be observed that the last coefficient of the equation of differences is the discri-
minant, and that the above method of calculating the coefficients of the equation of
differences, as applied to the last coefficient, is nothing else than the method of calcu-
lating the discriminant given in my Fourth Memoir on Quantics.

The multiplication of the equation of differences, and the equation for the squares of
the roots of the quartic equation, gives, in like manner, the equation of differences for
the quintic equation, except as to the terms involving f i and these are obtained as
above, viz. each coefficient is of the form L,4L,f+1L,/*+ &c., where L, is known ;
such coeflicient is reduced to zero by the operator

50,4 450,+ 3¢0,4-2dd,+¢€d,;

or putting for shortness V'=>5ad,+-400,4-3¢d,+2dd,, the operator V' +¢0,. We have,
therefore,

. 1
L=—;VL, L=—yVL, L=—iVL, &,

which give L,, L,, &c. by means of L, For the calculation of V'L (where L is
any one of the coefficients L,, L,, &c.), it is proper to separate the terms involving
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the different powers of ¢, and write L=M,+M,e+4M,e*+ &c., V'=V"42d0,, where
V'"=5a0,4463,43¢d,. 'We have then

VL= V'M,+ ¢ V'M,+ ¢ V'M,+ &ec,
+2dM, +4dM, +6dM,,
or, what is the same thing,
IVi= VM4 ¢| VM-
+4dM, +4dM,;

and as an equation which should be satisfied identically, and which would therefore serve
as a verification,

V'"M,~+2dM,=0;
but as a verification was obtained by other means, the equations of this kind were not
used for the purpose. It may be interesting to give the actual calculation of one

of the coeflicients, say of coefficient 4* (which, with coeflicient 4, was calculated by
Mr. HARLEY).



Calculation of coefficient 6* in equation of differences for the quintic equation

FOR AN EQUATION OF ANY ORDER.

(a, b, ¢, d, e, fXv, 1)°=0.
Calculation of L,.

99

2ae —2bd +c* 2ce —d? I
> \...___.._.v._____—/ \-...*-_-_/
Coeff. 0. Coeff. §' Coeff: 8% In eq.of diff. for quartic.
a'et +512 —112 = 4400
acbde® —384 —512 + 56 — 840
a’c’e’ —256 +256 -—384 + 24 —360
aded?e® + 288 +432 +192 + 48 +960
a’die — b4 —216 —270
a*b’cé’ + 288 + 144 — 32 + 400
*b’d?e? — 12 + 384 — 72 — 25 +275
a?bc*de* —160 + 256 —192 —240 — b4 —390
a*bed’e + 36 —288 —108 +120 —240
abd® + 54 + 54 +108
aicte? + 32 —128 + 64 + 17 — 15
a’ccd?e — 8 + 144 4+ 36 — 32 +140
a’cd? — 27 — 18 — 45
ab*e® — b4 4+ 6 — 48
abiedé’ + 36 —288 + 36 + 38 —178
ab®d®e — 8 + 12 — 18 — 14
ab’c®e* — 8 + 144 — 12 — 12 +112
abic’d’e + 2 +160 - + 84 + 6 + 246
ab’ed* — 36 — 42 — 78
abeide — 32 — 80 — 52 —164
abc®d? + 8 + 18 + 26 + 52
acle + 16 + 8 4 24
ac’d? — 4 — 4 — 8
bide? + b4 — 6 + 48
bicte? — 27 + 2 — 25
bied?e — 36 — 18 — 54
bd* + 8 + 9 + 17
b3c’de + 8 + 18 + 12 + 38
b3c%d3 —_ 2 — 4 — 6 — 12
biche — 4 — 2 — 6
betd? + 1 + 1 + 2
L,=A+Be+Ce*+Dé*+ Ee, suppose, then,
—B= —C= —D= —~E=

a?d® 4270 aled? —960 a*bd  + 840 ot —400

a*bed® + 240 a*?d? —275 ¢  +360

*td? —140 a*be*d + 390 a*b’c —400

ab’d® 4+ 14 @t + 15 ab*  + 48

ablc*d? —246 abled +178

abc'd 4164 ab’¢® —112

ac® — 24 b°d — 48

bted® + 54 bc? + 25

b%c*d — 38

b%c® + 6
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Calculation of L,.

Tetms of I, f not involving e.

500 450 3¢d 4d
—f(V"B+4dC) vig it 0 +3e0
—B -C
a*ed’f +1200 +3240  —3840 =| 600
B df + 210  + 960 —1100 + 70
a*bdf —2460  —1680  +2160  +1560 —420
a’c'df + 820 — 840 + 60 + 40
abled’f 41080  —1968 4+ 126 4+ 712 — 50
ab’cdf — 570 42624  —1476  — 448 +130
abe’f + 60 — 576  + 492 ~ 24
vdir + 216 — 192 + 24
L bedf — 456 4+ 324 4+ 100 — 32
| biclf + 120 — 114 + 6
i

Terms of L, f involving e'.

5a0 4560, 3¢0 6d
—ef(V'C+64D) viz. R, +5e0

‘ ~c -D
a*bd’ef —2750 — 3840 45040 = — 1550
a3c2d(g/' + 1950 —5760 +2160 —1650
a2626def +2670 + 3120 —1650 — 2400 +1740
@bdef —1120  + 240 41170 + 200
ab'def —1200  + 712 + 288 — 200
a[)ac?ef + 500 — 1344 + 534 — 310
boeef + 200 — 144 + 56

Terms of L, f involving ¢

]K F(VD 4 84E) +i 500, 460, 3¢04 8d

A +8 viz. +

| -D ~E

| adeé’f +4200 —3200 = +1000
a*bee’f —4000 + 2880 + 2520 +1400
a*oPef + 960 —1600 — 640

l .

Calculation of L.
L,=A+4Be--Ce?, suppose, where

a*bd® +775 a‘d  —500
a*c’d + 825 *be  —700
a’b’ecd —870 a6t 4320
a’bc® — 145
ab'd  +100
ab®® 4155
b — 28




FOR AN EQUATION OF ANY ORDER.

Terms of L, f* not invblving e.

101

ﬁ(V"lB 4dIC) . 5aab 4530 3ch 4d
- zb+4+4d5;0) vz, ~
2 2 _%B _%C
a‘d’f* + 3875 —2000 = + 1875
a*bedf? —8700 +6600 44650 —2800 — 250
@i — 725 +2475 +1750
a’b’df* +2000 —3480 + 1280 — 200
a*B3cf? +2325  —1740  —2610 —2025
ablcf? — 700 41240  + 300 + 840
ab’f? — 112 — 112
Terms of L, f* involving ¢'.
o . bads 40, 3cdy
—ef*VIiC viz. ——Y%C
doof? —3500 —1500 =| —5000 |
abef? +4800 —2800 +2000
Calculation of L, (gives L,=0).
L,=A-Be,
—iB=
a'e +16662
@B ~ 6662
Terms of L, f*.
~ bads 453, 3cd, |
—fiV3iB viz, ~ |
1B |
—1 |
a'bf* —66662 +66662 = 0 j
And the required coefficient of ¢* is
Lo+ L f+Lf"

All the coefficients were calculated in this manner, except the last coefficient, which
was deduced from the known value of the discriminant for the standard form. And we
have thus the complete expression of the equation of differences for the general quintic
equation under the denumerate form (d, b, ¢, d, e, fYv, 1)°=0, viz.—

MDCCCLX.
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Equation of differences for («, b, ¢, d, e, f v, 1)°=0 is

gLo §° 98 67 96‘ g5 e
P, r_—_—/\_\( A \ A A A A N
a®x adx | atx @*x
+1 +10 ac| +10 d’e 450 alce +200 o°df 1625 aff*? +1750 a’cf?
— 4 0| — 4 a%d | +25 o'd? — 95 a%* —250 a’bef | — 950 a’def
+389 @’ | —20 o*b%e —120 a’bef | +400 dedf |+ 40 a’é
—30 ab’c | —50 d*bed | + 36 a’bde | —360 dce — 130 d'beef
+ 6 &5 +80 a®c? +124 aSc’e +260 o°d’e — 700 &'*f?
+16 %@ | + 92 ded? —110 &*¥%df | + 142 a'bde®
—81 a?b%* + 32 a'Bf +169 a't’e* | -+ 380 a'bdf
+30 ablc — 98 a'bice —240 a'be’f | — 522 a'c’e?
— 4 8 — 44 a*b?d? —104 a'bede | 4+ 240 o'c’df
—160 a*bc®d | —104 a*bd’® 4+ 708 a'cd?
+ 95 a'et +196 a'c’e — 53 a'd?
+ 18 dPbie +118 d¢'c*d® | 4 128 a®h
+116 o?%cd | +150 &*b%f |+ 388 a®bice’
—104 %% — 10 &*t’de | — 394 &®b%cd,
— 20 o*t°d —180 o*b’c’e | — 378 a’b*d’e
+ 45 a*b'e? + 20 &®bcd? | — 144 a*bc®
— 10 able —220 a’bed | — 480 a®becide
+ 188 + 66 a’c’ — 156 a®bed?®
— 24 a*%F |+ 194 d’ce
+ 66 a’bice |+ 52 d’c*d?
— 3 a*b'd* | 4 66 a*b'd
+192 ?6%*d | — 84 a*b'e’
— 66 %% |+ 194 o*bcf
— 8 able + 330 a*b’ede
" 66 abled |+ 92 a?6%d?
+ 24 ab'c® — 152 a*b*c’e
+ 8 b'd + 174 o*b°c*d?
— 3 0% — 140 %bc'd
+ 25 a’c®
( — 70 abief
— 42 abde
+ 32 ab'c?e
— 144 gbled?
+ 100 abic’d
— 18 ab?c®
+ 8 Uf
— 2 bSce
+ 22 8%
— 16 bc’d
4+ 8 b




FOR AN EQUATION OF ANY ORDER.

(6, 1)°=0, viz. the function in & is

103

6. 62 6. ge.
AN A A A
e N[ )
—3750 da’ef? —5000 a‘cef” —6250 a'df? +38125 a'f*
+1500 a*bdf*? +1875 a'd*f? +5000 a'e’f? —2500 @bef?
+1500 a'delf +1000 o'de’f +3750 a’bef? —3750 dedf?
+2500 a‘c’f? + 400 a'¢* — 250 a*bdef* +2000 dce’f?
—2150 a‘cdef +2000 a’bf? —2000 a*be’f +2250 a’d’ef?
— 80 a'ce® — 250 Abedf? —3750 a’c’ef? —1600 a’de’f
+ 700 o'd%f +1400 a®bee’f +3000 oPed’f* + 256 o*é
+ 570 a'd*e? —1550 a’bd’ef + 200 dPede’f +2000 o’b’df?
— 40 &bdef — 840 4’bdé’ + 320 o’ce’ — 50 o*belf?
—2450 oSBcf? +1750 aPcf? — 450 ad%f +2250 a*bef®
— 118 a%p%° —1650 d’c’def — 40 o*d%? —2050 a*bedef?
+ 290 a*bcief — 360 a’c%® —1000 o’5%f* + 160 a’bee’f
- 400 a®bed’f + 600 a’cd’f +1950 abcef? — 900 a’bd’f?
— 158 a®bede? + 960 a’ed®e? —1150 @*6°d*f* +1020 a’bd*e’f
— 596 a*bd’e — 270 d’d'e +1170 a’6*de*f — 192 o*bde*
+ 80 a’c’df — 200 a?b°df* + 72 &% — 900 a’c’ef?
— 308 @*c’é — 640 a®ef —2100 a®%bdf* | + 825 dcdif
-+ 612 gdc’d2e --2025 a’b’c’f* +1380 a’bcie’f + 560 a’c*de’f
— 102 gPcd* +1740 @*0*cdef — 550 a?bed’ef — 128 a*c%e*
+ 490 a%'f? + 400 a’b’cé® - 504 a’bede’ — 630 a’ed’e
+ 180 a%b’cef 4+ 70 P83 + 180 &Podif + 144 ded?e®
+ 112 26%d*f + 275 o*hidie? + 138 o*bd’e? + 108 A’d°f
+ 92 @203de + 290 d’bclef + 675 a¥cif? — 27 dd'é®
+ 86 @Bcar | — 420 abEdf | — 330 dcidef —1600 abef®
4+ 388 o2b2c%? — 390 a*bc’de* — 224 o’cce® + 160 ab’def?
+ 150 g28%d2e — 240 a?bedPe + 60 a’c*d’f — 36 abief
+ 160 42524 + 108 a?bd°® + 434 a%’d?%e? 41020 ab’cef?
— 48 a*betf + 40 a%“tlf — 198 a’edie + 560 ab’ed*f?
— 504 o%c’de — 15 a’c'e + 27 &d° — 746 abicde’f
+ 106 g + 140 a’c*d’ — 240 ab'ef? + 144 gb%ce
— 7 a*ctd? — 45 %%t 1320 abledf? 4+ 24 abd®e
~— 68 abef + 840 ab'ef? —1230 abice’f — 6 ab’d%®
— 86 abledf — 200 ab'def — 12 abdPef | — 630 abcdf?
— 178 abd'cé’ 48 ab'e® + 18 ab’dé + 24 abée’f
— 54 gbid?e — 310 abc’ef — 450 ab’c’f? + 356 abcdef
+ 234 abic’de — 50 abled’f + 594 abc’def —  80.abcdé®
+ 34 ab’c’f — 178 ab’cde’ + 282 abic%e? — 72 abed'f
— 148 @bPed? — 14 ab’d® — 154 ab’cd’f + 18 abed’e®
— 56 gbe + 130 ad’c*df — 114 ad’cd’é* + 108 ac’f?
+ 112 ab’c’d? + 112 ab’cde’ + 6 ab’dle — 72 actdef
— 34 abc’d + 246 ab’c’d’e — 72 abclef + 16 ac'é®
+ 4 ad — 78 abled + 24 abdf + 16 ac’d?
+ 16 3%qf — 24 abc’f — 186 abc’de’ — 4 ac’d’
+ 26 p%* — 164 abc'de + 116 abc’d®e -+ 256 B3
- 6% + 52 abc*d® — 18 abed® — 192 bleef?
— 30 Biede + 24 ace + 36 ac’e® — 128 pidif?
+ 28 333 — 8 ad’d? — 24 ac'd’ + 144 b'dé?
+ 8 bicte — 112 §%? + 4 add — 27 b
— 24 pieg? + 56 bcef — 192 °qf? + 144 p3c*df?
+ 8 g3l + 24 Bdif + 216 Fef — 6 B
— 1 p% + 48 b°de + 72 ¥ — 80 Hedief
— 32 b'cdf — 120 biedef + 18 bPede®
— 25 bl — b4 Blee + 16 dif
~ 54 bled’e + 32 u'df — 4 P’
+ 17 ¥ e A — 27 b
+ 6 Bcf + 18 clef + 18 B2c’de
+ 38 bcde — 6 8 — 4 b
— 12 §ed? + 42 pide — 4 PR
— 6 3%% — 26 bcd’e + 1 p%d%
+ 2 bt + 4 5%
— 9 %
+ 6 5’
_— 1 2c2d*

P2

TGS 1)10
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It may be remarked, that if » is an imaginary cube root of unity, then the roots of
the equation (1,1, 1, 1, 1, 1%v, 1)’=0 are —1, o, #°, —w, —a&*; the differences of the
roots are

—_1l—n, —1—0*, —14w, =14’ 0—0e* 20, o+’ o*+o, 24°, —o+a°

= &, w , —l4w, =14+’ v—a’, 20, —1, —1, 20 —a+a’,
and the squares of the differences are
w , & , =3, =3, —3,4s, 1 , 1 , 4w, =3 |,

from which the equation of differences is found to be
(6+0+41)(*—3049)(*+40+16)(*—20+1)(0*+6049)=0;

or multiplying out, it is

(1, 6, 21, 46, 108, 546, 493, —1410, —567, —540, 4129679, 1)*=0;
which is what the preceding expression of the equation of differences becomes upon
writing therein a=b=c¢=d=¢=f=1. Moreover, upon passing (as will presently be
done) to the standard form, and then writing a=b=c=d=e=f=1, all the coefficients
(except the first coefficient, which is equal to unity) should become equal to zero; these
two tests afford a complete verification of the result.

The following corrections have to be made in WaRING’S result, as given by himself
and LacraNGE (WaRING, Phil. Trans. 1763) :—

W ariNg, Meditationes Algebraicee, p. 85 :—
Jor + 169 ¢’ read +196 ¢°s (in coefficient w®).
Laaranee, Equations Numériques, p. 108 :—
Jor +1200 CE read +200 CE (in d)
Sfor — 169 B°D read —196 B°D (in ¢)
for — 26B° read + 25B° (inf)
Jor + 27 CD*read — 27 C'D? (in k).
It may be noticed, that if in the coefficients of the several powers of ¢ (as they are

~ written down in the columns, without regarding the power of ¢ which multiplies the
entire column), we attend only to the terms independent of @, we have the series

1, —48°, +60*, —43°, +18°, +8¥d, + 8¥f, &c.
— 3002, — 2b%e
+2265¢°
~1646°c*d
+ 34,
the law of the first terms of which, up to the term 4128, is obvious; but the term 4 14,

which is the last term of this initial series, is also the first term of a terminal series, the
terms of which are deduced from the coefficients in the equation of differences for the
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quartic equation (a, d, ¢, d, eYv, 1)*=0, viz. these coefficients are

a®x  atx a*x &e.
—~— et A
+1 48ac -+ 8a’
—30* —2a%d
+22a%c?
—16ab’c
+36*;
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and by writing b, ¢, d, ¢, f in the place of @, b, ¢, d, ¢ respectively, and multiplying by
6, we have the above-mentioned series,
4185, +8bd, &c.
—30°%.

It is easy to see, & priors, in the case of an equation of any order, that this property

holds good.

Passing now to the standard forms,—
For the quadric (@, b, ¢)Yv, 1)*=0, the equation of differences is, 0=

a?x 4x
AL A
— a\s
+1 +1 ac
—1 &

16, 1).

For the cubic equation (@, b, ¢, d}{(v, 1)*=0, the equation of differences is, 0=

a'x 18 ® x 81 x 27 X
A A N A LN -
+1 +1 ac +1 o’ +1 a%d?
—1 % —2 ab’c —6 abed
+1 & +4 ac
+4 b%d
—3 b%

o, 1

For the quartic equation (e, b, ¢, d, e)v, 1)*=0, the equation of differences is, 0=

abx 480 X 8a® X 32 % 16 x 1152 % 256 x
A A A e A A A - A
+1 +1 ac \: 1 a%e 3 a‘ce 1 7 a'e’ (_ 1 dicé? ) + 1 g3 K
—1 8 |— 4 a%d| + 13 a'd® |+ 56 a%bde| + 3 o*d*e | — 12 a*bde’
+ 99 o’ | — 8 Pt |+ 54 dicPe | + 1 4%’ | — 18 a’c%’
—192 ab’% | — 90 a®bed |+ 288 a’ed? | —10 a’bede | + 54 a’ed’e
+ 96 &* +189 a3¢® |— 192 a?b’ce| —12-0%b6d® | — 27 o?d*
+ 64 203 |— 400 &*0%d% + 6 d’c’e | + 54 abied
—432 a*b’c* |—1944 a’bc’d| + 9 a’cd? | — 6 ab’de T(’ 1Yo
( + 384 ablc |+1377 a3t +. 4 abPde | —180 abcide | A )
—128 5° + 96 adle | — 3 ablc’e | +108 abed?®
+ 3648 abPed | +56 ab’ed® | + 81 acle
—2592 ab’c® | —78 abc’d | — 54 ac’d?
—1536 b°d +27 ac® — 27 bt
+ 1152 b'c? —32 bid? + 108 b3cde
+48 Bd | — 64 Bd®
—18 b%* — 54 bicle
+ 36 #c*d*.
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For the quintic equation (@, b, ¢, d, ¢, f v, 1)’=0, the equation of differences is,

gro 0 gs o 68 6 6
P N— , A 3 A - A g A A
a®x 100 0% | 50 a'x 2500 a®x 125 x 625 x 2500 x
+1 +Yac |+ 1ae | + Va'e |+ 16 d%df |4 1 a%f? -+ 7 dcf?
—Y & |~ 4a%d| + }a'd® |— 19 d°¢ |~ 10 a’bef | — 19 ddef
+ 78 &% | — 1 a®be | — 48 dbef |+ 64 dedf | + 2 a°¢®
—150 ab’c| —10 abed |+ 72 d'bde |— 144 dcé® — 13 a'beef
+ 75 Bt + 32 a’c® 4+ 496 d’c’e [+ 208 a’dPe | — 7 a'b’f?
+ 8 a*d |+ 736 doed® |~ 44 o*Bdf | + 71 a'bdeé?
—8Y a*% |+ 32 &' |+ 169 o&'be¢’ | + 76 atbd’f
+75 able |~ 980 a'ce |- 192 a'bf | — 522 a'clet
—25 5° ~— 880 a't%d® |— 416 a'bede | + 96 a'cldf
— 6400 o'bc®d |— 832 a'bd® | + 1416 a'edPe
+4 7600 a'¢* |4 1568 a'ce — 212 o'd?
+ 450 @®ble |+ 1888 a'd* | + 32 APbief
+11600 @®b%cd |+ 300 a*%¢f | + 970 oPbcé?
—20800 %% |— 100 o’b’de | — 394 a*bcdf
— 5000 a?°d |— 3600 a®b’c’e | — 1890 o’bide
+22500 a%'c® |+ 800 &’b’ed®| — 288 &Pbcif
~12500 ab’ec |—17600 &®bc’d | — 4800 a’bc’de
+ 3125 &® + 10560 a®c” —. 3120 a’bed?®
-~ 120 a?b-‘f + 3880 a’cle
4+ 3300 a’bice | ++ 2080 aPc’d?
— 300 &b'd? | + 165 o2b'df
38400 a?*b%*d | — 525 a’b'e?
26400 a®0%* | + 970 @*6%*f
— 1000 ab% 4 8250 a*bicde
+ 33000 ab’ed | + 4600 a253q®
+24000 ab'c® — 7600 a2b%3e
+10000 &'d 417400 a2b%c?d?
-~ 3750 &% - 28000 o?bc'd
+10000 @3°
( — 875 abef
— 2625 ab’de
+ 4000 adic’e
--36000 abicd?
+50000 ab’c*d
—18000 «bc®
- 250 §7F
— 625 Bbee
18750 554
—20000 2¢d
+ 7500 gt
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0=("Y4,1)*=0, viz. the function in ¥ is

6°. g2 8. 6°,
A N A g A N b Y
1250 % 62500 x 62500 x 3125 x
- 3 d’ef*? — 4 d'cef? — 1 o'df? + 1 a'f*
+ 12 o'bdf? + 3 a'd? + 2 a'e’f? — 20 dbef?
+ 80 a'bef + 4 a*de’f + 3 dPbef? — 120 d’edf?
+ 40 a'c*f? + 4 o — 1 d’bdef? + 160 dPce’f?
“— 172 a'cdef + 4 dPbPef? — 20 &bef + 360 d’def*
— 16 a'eé — 2 &bedf? — 30 d’c’ef? — 640 d’de’f
+ 112 o'df + 28 d’bee’f + 48 dPed’f? + 256 a’¢
+ 228 a'dié —~ 62 Jbd’ef + 8 diedelf + 160 o%6%qf3
— 8 a*bdef — 84 a®bdé® 4+ 32 d’ce’ — 10 ab%*f?
— 98 a%b%f? + 28 a¥f? — 36 d’dlef + 360 a%bcf?
— 59 &b — 132 d’c*def — 8 d*d** — 1640 a®bedef?
+ 116 a®bc’ef — 72 &% — 2 a*b%? + 320 &’bee?
320 a’bed*f + 96 aPcd’f + 39 @*bcef? — 1440 a%d‘;f?
— 316 a’bede® + 384 gled?e? — 46 *d*f? + 4080 4*bdie’f
— 2384 a*bd’e — 216 g3d%e + 117 o*t*de’f — 1920 o’bde*
+ 128 dic*df — 4 a®%df? + 18 a?b%* — 1440 a’cPef?
— 1232 o’c’e? — 32 o?b%ef — 168 a’bdf*? + 2640 oPcd?f?
4+ 4896 o*c’de — 81 a“’b%?fz + 276 a*bc'e’f 4+ 4480 a202de’ff
— 1632 a’ed? + 348 @%b%cdef — 220 g*bedlef — 2560 a*c%*
+ 49 % + 200 g?%ce® — 504 o’bede? —10080 acd’ef
4 180 o2b3ce + 28 o + 144 o%d'f + 5760 a’cd?e®
+ 224 a?b3d? + 275 a*bd%* + 276 ¢%bd3e + 3456 &dif
+ 460 o2b%de? + 116 a*bc’ef + 108 g%¢if? — 2160 o2die
+ 844 *b*d — 336 b3S — 264 Pcdef — 640 abPef?
+ 3880 a*bic’e — 780 a%bc’de? — 448 g%c’e? + 320 abidef*
+ 3000 a%’cd? | — 960 abed’e + 96 @cadf — 180 ab’f
+ 6400 o2p%g* + 864 ¢%d® 41736 o2c%d?e + 4080 ab’c’ef?
— 384 aclf + 64 dicldf — 1584 a’cde 4 4480 ad’ed?f?
—20160 a*bc’de — 60 g¥'e? + 432 o’dt — 14920 ab’cde’f .
+ 8480 a’ce +1120 a*c’de — 12 ablef? + 7200 aprcet |10 1)
— 1120 g — 720 @ + 264 abiedf® + 960 abdief
— 170 ablef + 84 abief? — 615 abeetf — 600 ap'die
— 860 abledf | — 100 abidef — 12 abd%f —10080 abc*df®
— 4450 adice’ — 60 gb'ed + 45 abPde’ + 960 abcle’f
— 2700 adid% — 310 ab’c’ef — 180 ad%’f? + 28480 abc’d’ef
423400 gb3cide — 100 gb’ed’f -+ 1188 ab’c*def —16000 gbcide?
4+ 680 ab’c’f — 890 abicde? + 1410 @d%c%® — 11520 abed'f
—29600 ¢b%cd? — 140 ab’d? — 616 abled’f + 7200 abede?
—11200 ab’cte + 520 abzc"’o.lf — 1140 gbled?e? + 3456 ac’f?
+44800 @picd? +1120 abice? + 120 ab’d*e —11520 ac“d(gf
—27200 abc’d 44920 abicidle — 288 abclef 4 6400 gcted
4+ 6400 g7 —3120 ab’cd? + 192 abcsdff + 5120 acddif
+ 400 3°qf — 192 abc’f ~ 3720 abcide? — 3200 ac’die?
+ 1625 42 —6560 abe'de + 4640 gbc’d®e + 256 B33
— 300 d°c*f +4160 gbc*d? —1440 gbed® — 1920 &'cef?
— 7500 B5cde +1920 qce + 1440 qgc’e? — 2560 2igf2
+ 14000 %543 — 1280 ac’d? —1920 acd?e + 7200 bde’f
+ 4000 picde — 28 b5 + 640 gcdd* — 3375 ble!
—24000 pic3g + 140 Geef — 96 Bdf? + 5760 Bcdf?
416000 23:'d + 120 °d*f + 270 belf — 600 3%
— 4000 225 4+ 600 Z5de? + 72 b — 16000 Hcdief
— 320 'df — 600 b'edef + 9000 p%cde®
— 625 b2’ — 675 blee® + 6400 a2
—2700 d'ed?e + 3820 p'df — 4000 %3d%¢*
+1700 p*d¢ + 450 jid?%? — 2160 p2%4f?
+ 120 Bif + 180 Bcef + 7200 Bcdef
+ 3800 H%c*de — 120 p3e2d%f -~ 4000 p%c3e®
— 2400 %3c*d?® +2100 H%c*de? — 3200 H*c’df
— 1200 &%c%e —2600 J3cdde + 2000 Hc*d*?
+ 800 B%td? + 800 3375
— 900 B%cte?
4-1200 b%c*d?e
— 400 p%c*q* i
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The coefficients in the preceding equations of differences are functions of the semin-
variants of the quantics to which they belong; for instance, in the case of the quartic,
the coefficient of ¢ is

that of & is
32{ —13a*(ace—ad*—b*e+2bcd— c*)+16a*(ac—b*)(ae— 4bd + 3¢*)+ 128(ac—b°)*},
and so for the other coefficients; and by replacing each seminvariant by the covariant

to which it belongs, we pass from the solution of the original problem of finding the
equation for =(a—3)’, to that of the problem of finding the equation for

PR ol )
T (z—ay)*(x—By)*

8a*{a*(ae—4bd+3¢*)+96(ac—0%)},

The results are as follows :—
For the quadric (a, b, ¢)(#, y)’, the equation in 4 is, 0=
(U2, 4079, 1),
where U is the quadric, O the discriminant.
For the cubic (a, b, ¢, d)x, y)°, the equation in 4 is, 0=
(U, 18U°H, 81H? 2704, 1),
where U is the cubic, H the Hessian, [0 the discriminant.
For the quartic (e, b, ¢, d, ez, y)*, the equation in 4 is, 0=
Us, =
48UH,
8U( U 1496 H?),
{  82(—18U*J416UHI-+128H?), (4, 1)°,
16(— 7U1*—288UHJ 4+ 384H"T),
1162(—3UIJ4+2HD),
256( I —=27J2),
where U is the quartic, H the Hessian, I and J the quadrinvariant and the cubinvariant
respectively.

For the quintic (a, b, ¢, d, e, f Y&, y)°, the equation in 4, as far as it can be expressed
in terms of known covariants, is, 0=

Us, g
100U%(Tab. No. 15), |
50U U¥(Tab. No. 14)-75(Tab. No. 15", &

, 9’ 1)10’

3125 Discriminant(=Tab. No. 26) J

where the Tables referred to are those in my Second Memoir on Quantics.
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The form of the preceding results may be modified by writing =% +U?; we have
thus the equations for

Y= (a—B)f(z—yyy(@®—2dy)...;
thus for example, in the case of the cubic (a, 4, ¢, dXw, ¥)’,
the equation for [ =a*(a—B)*(x—yy)*] is

0=(1, 18H, 81H? 270Uy, 1)
This equation may be written

(S4+9H)N+270U0=0;
or putting v=+/9, we have

v+ 9H'¢1—|—U\/—27 0 =0,

an equation the roots of which are

a(e—P)e—ry), aB—-y)(@—0y), aly—e)(@—Py),
and which leads to the formula, given in my Fifth Memoir on Quantics, for the solution
of a cubic equation. But this decomposition of the equation in 9 is peculiar to the
cubic.
The equation of differences for an equation of any order may be found by the follow-
ing entirely distinct method. Let the proposed equation (xY{v, 1)*=0, be for shortness
represented by ¢v=0, and let #, y be any two distinct roots; we have not only

px=0, gy=0, but also x4 ¢y=0, PR, Writing 0=(2—y)?, s=a+y, we have

r—=y
e=3(s++/0),  y=3(s—+/0),
values which are to be substituted for ;,  in the equations
_ pr—py _
px+py=0, o=y =0
We have thus two equations rational in s and 4, and the elimination between them of
the quantity s leads to the required equation in 4. But it is proper to modify the form

of the system ; in fact the two equations are, as regards s, the first of them of the degree ®,
the second of the degree n—1; but if we write

(@+y)(pz—py) _ pr—oy __
”(¢$+<Py)—“_7_jy—“—-0a a—y =0,
then each of the equations will be of the same degree n—1 in s.
For instance, let pv=(a, b, ¢, d)v, 1)*, then #=13(s+ J 0), y::%(s—}-J 5); the equations

ox+4-¢y=0, g;:;yz 0, are

s’a+35*2b+ 3s(4c+-ad)+8d+660=0,
3s’a+38s 40+ 12¢+ad =0;

and multiplying the first equation by 3 and the second by —s, adding and dividing by 2,
we have an equation

§*3b+s(12¢+4ad)+12d+ 960=0.
MDCCCLX. Q
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The second equation and this equation may be written
(3a, 128 12¢+ad s, 12=0,
(86, 12¢+44ad, 12d+ 904, 1)*=0,
and the elimination of s from these equations gives the required equation in 4. The
result may be obtained under either of the two forms,
{@*0 4 (15ac—270*)0—36(bd—¢*)} {a*0+3 (ac—08")}+3{2abd+3(ad—bc)}*=0
and
(40?0 +(240c—270*)0—36(bd—c*)} {a*0+12(ac—0%)} 4 3{ abd+6(ad—bc)}*=0,
the expansions of which respectively coincide with the before-mentioned result.
In the case of the quartic equation pv=(a, b, ¢, d}v, 1)*=0, we have
sta+45204-65( 4o+ ad)+4s(8d+-660)+16e+ 2400+ af’=0,

4s*a+ 6540+ 4s (12¢+ad)+ 32d-+-8b0 =0,
from which we derive another cubic equation; and the two cubic equations are
(4a, 240 , 48¢+ 4ad, 32d-+ 8b4 s, 1)°=0,

(40, 24c+10ad, 48d4-44b8, 32¢-+48c0+2ads, 1)°=0,
from which, if s be eliminated, we have the equation in 4.
Similarly, for the quintic equation pv=(a, b, ¢, d, ¢, f Yv, 1)’=0, we have
sa+ 55204105 4e+ad)+10s*( 8d+650)+5s(16¢+ 240+ at®)+- 321+ 80dd+ 1056 =0,
5s'a+10s40+10s*(12¢+ad)+ 65 (32d+8b0)+ (80e+40cd+ad?) =0,

from which we derive another quartic equation ; the two equations are

(5a, 406  , 120c+ 10ad, 1604+ 4000 , 80e+ 40cd + adYs, 1)'=0,
(66, 40c+20ad, 1204413084, 160¢+280cd+12a¢%, 80f+200d0 42556 s, 1)*=0,
from which, if s be eliminated, we have the equation in 4.

But to apply Bezour’s method to the two equations each of the order n—1, which

result from the equation of the nth order gv= (%3, 1)"=0. The process is as follows :—
Suppose, in general, that s is to be eliminated from the two equations

Fs=0, Gs=0,
each of the order n—1; it is only necessary to form the expression
FsGs —Fs'Gs

b
s—s

which will be a function of s, s’ of the form

( @y, 05 Xo, 1+ » G, ,,_25:8, 1)n—2(sl, 1)%—2
@y, 05

@2, 0
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where the coeflicients are such that , ,=a,,,; and by equating to zero the determinant
formed with these coefficients, we have the result of the elimination.

In the present case, writing for a moment ¢3(s++/8)=A, pi(s—+/0)=B, and in like
manner p(s'4++/8)=A!, p1(s=+/6)=B, we have

_ s(A—B) _A-B
Fs=n(A+4B)— T Gs= Vi
F.S":-':?Z(A’-}-B’)—M, GSI=A,_B’,

Vi v

and therefore

FsGs' —FsGs=n
or reducing and dividing by s—¢/,
FsGs'—Fs'Gs _ AB'—A'B  (A—B)A'—B'
= S e T 0

(A+B)(A'—B)—(A—B)(A'+B) (s—¢)(A—B)(A'—B),
V] - 6 ’

Hence, substituting for A, B, A/, B these values, we have the expression
9 P36+ VDb — v —ph(s— VBph(+ V)
(s=—s') v
4 1o+ vVh—phls— VO HRA( + VB —pb(¢— V)]
]

which is of the form
( @0 Gy - B, ws XS 1738, 1)
Q0

an—2,0
and equating to zero the determinant formed with the coefficients, we have an equation
in ¢ which is the equation of differences of the given equation gv=0. For instance, if
the given equation is gv=(a, b, ¢, d¥, 1)*=0, then we have
8pL(s++/0)=(a, 2b+an/b, 4c+40/04ab, 8d+12ca/ 0+6b0+4-ab/ Y s, 1)
=(A, B, C, DY, 1)%,
8oL (s—a/0)=(a, 2b—arn/0, bc— 468/ 0+ ab, 8d—12¢a/ I+ 6b0— a0/ 6)s, 1)°
=(A, B, C,D'Ys, 1);

and the function in s, §' is
3(AB' —A'B)s%" A

+3(AC —A'C)ss/(s+¢)
6 | + (AD'—AD)(s+s5+5?)
Vi ] 19(BC' —BC)ss ’
+3(BD'—BD)(s+¢)

L +3(CD'—C'D) J
+4(A—A!, B~B, C—C, D—=DYs, 1)(A—A, B—B, C—C, D—D'Ys, 1y,
Q2
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which is equal to

[ —3a® 8%

—12ab ss(s+4')

+(—12ac—a*0)(s*+s5'+57)

+(36ac—T28°+9a%)ss'

+(24ad—"T72bc+12ab8)(s+5)

L+ 960d—144c+4(—48ac+720%)0 — 3a¢* |
+4(3as*+12bs+12c+ad)(3as 41265+ 12¢+ad) ;

or reducing and dividing by 32, this is

{9(ac —0*)+3a*0}ss
+ {9(ad—bc)+6abo}(s+')
+36(bd —¢*)+(—15ac+270*)0—a’??,
the terms in s’ s” disappearing, as they should do. Writing this under the form
( Yac—0b*)43a%, 9 ad—bc)+6abo s, 1)(s, 1)
| (ad—30)+6ad0, 36(bi—c*)+(—15a0+2TH)I—a¢ |
and equating the determinant to zero, we have the required equation in 4: the form is
precisely that which is obtained by the ordinary process of applying Bezour’s method to

the two equations
(8a, 120, 12¢4+ ads, 1)=0,

(86, 12¢0-+4ad, 124+ 8560 s, 1)’=0,
being in fact the before-mentioned equation
(aW—I— (15ac—270*)0— 86(6(1—02)) <a20+ 3(ac— 62)) + 3<2a69-|— 3(ad— &0))2: 0.

But, as already remarked, this elimination process is less convenient for the complete
development of the result, than the method first explained in the present memoir.



